A model operator approach to calculations of the QED corrections to energy levels in relativistic manyelectron atomic systems is developed. The model Lamb shift operator is represented by a sum of local and nonlocal potentials which are defined using the results of ab initio calculations of the diagonal and nondiagonal matrix elements of the one-loop QED operator with H-like wave functions. The model operator can be easily included in any calculations based on the Dirac-Coulomb-Breit Hamiltonian. Efficiency of the method is demonstrated by comparison of the model QED operator results for the Lamb shifts in many-electron atoms and ions with exact QED calculations.
INTRODUCTION
A good starting point for the relativistic atomic calculations is given by the Dirac-Coulomb-Breit (DCB) equation. This equation can be solved with a high accuracy by using either the configuration-interaction Dirac-Fock (CI-DF) methods [1] [2] [3] [4] [5] [6] [7] or the relativistic many-body perturbation theory (RMBPT) methods [8] [9] [10] [11] [12] [13] [14] . In many cases the precision of these calculations has reached a level that requires evaluations of quantum electrodynamics (QED) effects. To date, the rigorous calculations of the QED effects in middle-and high-Z systems are fully restricted to the 1/Z perturbation theory (see, e.g., [15] [16] [17] [18] [19] and references therein). The perturbation theory methods have been also extended to many-electron ions and atoms employing an effective screening potential instead of the Coulomb one [20] [21] [22] [23] [24] [25] [26] [27] . However, these methods are too complicated to be directly included into the DCB calculations. For this reason, numerous attempts have been undertaken to propose simple methods for incorporating the QED corrections into the CI-DF and RMBPT codes. These methods (see, e.g., [4, [28] [29] [30] [31] [32] [33] [34] [35] and references therein) are generally based on scaling the Lamb shift results for the Coulomb potential to other atomic potentials which include partially the screening effects. Such a scaling can be done either directly by using the Welton's idea [36] to express the main part of the self energy contribution in terms of ∇ 2 V [4, 29, 34] or by introducing an effective short-range potential which fits the Lamb shifts for hydrogenlike ions [28, [30] [31] [32] [33] 35] .
In Ref. [37] it was shown that the QED corrections can be systematically included into an effective Hamiltonian acting in the space of the Slater determinants made up of oneelectron positive-energy states whose total (many-electron) energies are smaller than the pair-creation threshold. To the lowest order, this approach leads to a QED operator that, in principle, can be added to DCB Hamiltonian. The main goal of this paper is to represent this QED operator in a form that can be easily included in any calculations based on the DCB equation.
In the next section, we summarize the basic equations for the effective Hamiltonian that includes the one-loop QED corrections. Then we approximate the QED operator by a sum of short-range local and nonlocal potentials and calculate the model QED operator in a wide range of Z = 10 − 120. Finally, the model QED operator is applied to calculations of the Lamb shifts in many-electron atoms and ions, and the results obtained are compared with other QED calculations.
Relativistic units ( = c = 1) are used in the paper.
EFFECTIVE HAMILTONIAN IN THE FRAMEWORK OF QED
The systematic method to derive a Schrödinger-like equation for a relativistic many-electron atom from QED can be formulated within the two-time Green function (TTGF) method [38] . To determine such an equation, first of all one needs to choose the active space in which the effective Hamiltonian acts. Since rigorous calculations of the QED effects in middle-and high-Z systems employ the perturbation theory starting from the Dirac equation with a local potential, the active space is generally considered to be formed either by a single or by (quasi)degenerate unperturbed states. These states are given by the Slater determinants made up of the solutions of the Dirac equation with the local potential considered. However, in Ref. [37] it was shown that the active space can be extended to all unperturbed states made up of one-electron positive-energy states whose total (many-electron) energies are smaller than the pair-creation threshold. Moreover, if the consideration is restricted to the lowest-order QED terms, the active space can be extended beyond the pair-creation threshold. For simplicity, this extention, having no effect on the accuracy of the calculations, is considered in the present paper. Using the derivations presented in Ref. [37] , we summarize below the basic equations that are obtained with this choice of the active space.
To simplify the equations, we assume that the active space is formed by the Slater determinants made up of the positiveenergy solutions of the Dirac equation with the Coulomb potential V C (r) = −αZ nuc (r)/r (the effective charge Z nuc (r) accounts for the nuclear charge distribution):
where
is the one-electron Dirac Hamiltonian. We note, however, that all the equations can be easily adopted to the theory with the active space formed by the solutions in an effective potential V eff (r) (e.g., the Dirac-Hartree, the Kohn-Sham or a local version of the Dirac-Fock potential) that includes partly the screening effect. In this case, the interaction with the related counterterm (V C (r) − V eff (r)) must be included in the total Hamiltonian. To construct the desired Hamiltonian, one should first consider the contribution from the one-photon exchange Feynman diagram (Fig. 1) . Evaluation of this diagram with the TTGF method leads to the following symmetric form of the electron-electron interaction operator (for details see Refs. [37, 38] ):
where the indeces k, l, m, n enumerate the positive-energy one-electron Dirac states, |ψ k ψ l ≡ |ψ k |ψ l is the direct product of the one-electron Dirac wave functions ψ k ( r 1 ) and ψ l ( r 2 ),
is the photon propagator, and r 12 = | r 1 − r 2 | is the interelectronic distance. It should be noted that the symmetric form of the frequency-dependent electron-electron interaction was first considered in Ref. [39] . The operator (3) defines the interaction between two electrons only. To get the total electronelectron interaction operator for a many-electron atom, one has to sum Eq. (3) over all pairs of atomic electrons:
where h int ij is the two-electron operator (3) taken for electrons i and j.
Taking D ρσ (ω, r ij ) in the Coulomb gauge at zero energy transfer (ω = 0) leads to the Dirac-Coulomb-Breit Hamiltonian [40] :
where the indeces i and j enumerate the atomic electrons, Λ (+) is the product of the one-electron projectors on the positive-energy states (which correspond to the potential V C ), h D i is the one-electron Dirac Hamiltonian (2) taken for electron i,
is the the sum of the Coulomb and Breit electron-electron interaction operators, and α is the fine structure constant. It is well known that the DCB Hamiltonian accounts for the nonrelativistic and lowest-order relativistic contributions. In the Feynman gauge, to get the Hamiltonian to the same accuracy, one has to account for the higher-order photon exchange diagrams (see Ref. [37] and references therein).
As the next step, one should consider the contributions from the one-loop self-energy (SE) and vacuum-polarization (VP) diagrams presented in Figs. 2 and 3 , respectively. The direct calculation of these contributions within the TTGF method leads to the following symmetric form of the one-electron QED operator h QED [37] : where Σ SE (ε k ) and V VP are the renormalized SE and VP operators, respectively, and the sums over k and l go over all the positive-energy one-electron Dirac states. To get the total QED operator for a many-electron atom, one has to sum Eq. (8) over all atomic electrons:
where h Thus, within the lowest-order QED approximation the total effective Hamiltonian can be presented as
where the sums go over all atomic electrons and h int ij , which is the two-electron operator (3) considered for electrons i and j, must be taken in the Coulomb gauge (if it is taken in the Feynman gauge, an additional term must be added to keep the same accuracy level [37] ). In Eq. (10), all the operators are defined for the Coulomb potential V C . To get the corresponding Hamiltonian in the active space formed by the solutions in an effective potential V eff , one should do the evident replacements in all the operators, including the projector, and add the term Λ
MODEL QED OPERATOR
Since the one-electron VP operator is given by the sum of the local Uehling and Wichmann-Kroll potentials [41] , V VP = V Uehl + V WK , it can be easily included into the DCB equations. As is known, the dominant part of the VP contribution is represented by the Uehling potential:
where Zρ(r) is the density of the nuclear charge distribution ( ρ(r)dr = 1). The Uehling potential can easily be evaluated employing the approximate formulas from Ref. [42] . Including the screening effect into this potential causes no problem but hardly affects the result (see, e.g., Ref. [23] ). Evaluation of the Wichmann-Kroll potential is a much more difficult problem [43] [44] [45] . However, to a good accuracy, it can be calculated with the help of the approximate formulas derived in Ref. [46] . Therefore, in what follows, we restrict our consideration to the SE contribution only. In principle, the operator H SE defined by Eqs. (8)- (9) can be added to the DCB Hamiltonian to account for the lowestorder SE corrections. In practice, however, due to absence of rather simple algorithms for evaluation of the SE contributions for arbitrary states, we have to restrict h SE to its matrix elements between a finite number of low-lying one-electron Dirac-Coulomb (or other effective potential) wave functions. This restriction strongly enlarges the interaction range of the SE operator and excludes highly-excited bound and continuum spectrum components from the active space. As a result, such a potential may lead to the SE corrections which strongly deviate from the correct ones. For instance, in case of H-like ions it gives zero results for the states with the principal quantum number n ≥ 4, provided the sums in (8) are limited by n k , n l ≤ 3. To solve these problems, we modify the operator h SE in two steps. As the first step, to minimize the deviation of the representation (8), restricted to a finite number of states, from the exact one, we separate out a local (with respect to r) potential V SE loc from the SE operator and employ formula (8) for the remaining SE part only. Such a separation can be justified by the fact that a dominant part of the nonrelativistic SE operator can be represented by a local short-range potential [36] . Due to the conservation of the angular quantum numbers by the one-electron SE operator, we can choose the local part to be different for different κ = (−1) j+l+1/2 (j + 1/2). With this in mind, we introduce the projector P κ which acts only on the angular variables and is defined by its kernel as
where Ω κ m (n) is a spherical spinor. Then, the local potential is given by
where V SE loc,κ (r) is a short-range radial potential which can be chosen differently for different values of κ. Strictly speaking, the potential V SE loc is semilocal. However, here and in what follows we label it as "local", keeping in mind that it is local only at a given value of κ. We put
where the constant A κ is chosen to reproduce the SE shift for the lowest energy level at the given κ in the corresponding H-like ion, and λ C = /(mc).
As the second step, we restrict the active space of the remaining SE operator, h SE − V SE loc , to the basis functions
which, having the same angular parts as the oneelectron Dirac-Coulomb functions {ψ i (r)} n i=1 , are localized at smaller distances compared to the Dirac-Coulomb ones. The specific choice of the functions {φ i (r)} n i=1 will be given below. With these functions, we approximate the one-electron SE operator as follows
where the matrix B ik has to be determined in such a way that the matrix elements of the model SE operator (15) with the Hlike wave functions, corresponding to the space under consideration, coincide with the exact ones. This leads to the equations n j,l=1
Introducing the matrix D ik = φ i |ψ k , we get
Therefore, the model one-electron SE operator can be written as
(18) Now let us consider the choice of the functions {φ i (r)} n i=1 . From one side, since we use the SE matrix elements calculated with the hydrogenlike wave functions, these functions should be chosen rather close to the H-like ones. From the other side, because of a short interaction range of the SE operator, they should vanish at smaller distances compared to the H-like wave functions. With this in mind, we construct them using the H-like wave functions multiplied with the factor
where l = |κ + 1/2| − 1/2 is the orbital angular momentum of the state under consideration. The simple choice φ i (r) = ρ li (r)ψ i (r) fits the goal but, due to a rather similar behaviour of the wave functions for different values of the principal quantum number at small r, gives a matrix D close to degenerate one and, therefore, leads to a rather singular matrix D −1 . For this reason, we consider a slightly different choice. In what follows, we restrict the basis functions by ns, np 1/2 , np 3/2 , nd 3/2 , and nd 5/2 states with the principal quantum number n ≤ 3 for the s states and n ≤ 4 for the p and d states, and put
where I is the identity matrix, β is the standard Dirac matrix, the index s i = n i − l i enumerates the positive energy states at the given κ, and n i is the principal quantum number. With this choice, one easily finds
where g i (r) and f i (r) are the upper and lower radial components of the hydrogenlike wave functions and the index i enumerates the positive-energy states at the given κ. The explicit formulas for the calculation of the inverse matrix can be found in the standard textbooks.
Thus, in what follows we use the model one-electron SE operator given by
where the summations run over ns states with the principal quantum number n ≤ 3 and over np 1/2 , np 3/2 nd 3/2 , nd 5/2 states with n ≤ 4, ρ li (r) = exp (−2αZ(r/λ C )/(1 + l i )),
and V SE loc is defined by Eqs. (13)- (14) .
MATRIX ELEMENTS OF THE EXACT SELF-ENERGY OPERATOR
To complete our construction of the model SE operator, we need the diagonal and non-diagonal matrix elements of the exact SE operator Σ(ε) with the hydrogenlike wave functions. Calculations of the SE corrections reported previously in the literature [47] [48] [49] were performed for the diagonal matrix elements only. In the present work, we extend these calculations to both the diagonal and non-diagonal matrix elements of the one-loop SE operator. Our calculation was carried out into two steps. First, we evaluated the SE matrix element for the point nucleus by using the numerical method described in detail in Refs. [50, 51] . Next, we separately calculated the finite nuclear size correction, as described in Ref. [52] . The finite nuclear size effect was calculated with the standard twoparameter Fermi model for the nuclear charge distribution.
The results of our calculations for the ns, np 1/2 , np 3/2 , nd 3/2 , and nd 5/2 states with n up to 5 are presented in Tables I, II, III, IV, V, respectively. They are expressed in terms of the function F ik (αZ) defined by
where n i and n k are the principal quantum numbers of the i and k states, respectively. In the tables, the results are presented separately for the point nucleus and for the extended nucleus (except for the cases when both results coincide). If no error is specified, the results are supposed to be accurate to all digits quoted. In the case of diagonal matrix elements, excellent agreement with previous results [47] [48] [49] is observed.
In this paper, to define the model SE operator we use the values F ik (αZ) with the principal quantum numbers n i , n k ≤ 3 for the s states and n i , n k ≤ 4 for the p and d states. As to the other data presented in the tables, they can be used for test calculations with H-like ions (see the next section) as well as for extending the active space of the model SE operator.
To obtain the function F ik (αZ) for values of Z not listed in the tables, one may use a polynomial interpolation, applied to the function
Here, following to Ref. [53] , we have subtracted the log term which represents the small-αZ behaviour of F ik (αZ) for s states (l = 0). The interpolation function is thus given by [53]
CALCULATIONS WITH THE MODEL SELF-ENERGY OPERATOR
Since the model SE operator is constructed using the SE matrix elements with H-like wave functions of the ns states at n ≤ 3 and the np and nd states at n ≤ 4, first of all, we should consider how it works for H-like states with higher values of n. In Table VI we present the SE shifts for the 4s, 5s, 5p 1/2 , 5p 3/2 , 5d 3/2 , and 5d 5/2 states in H-like ions, obtained using the model SE operator, v|h SE |v , and compare them with the corresponding exact results. To demonstrate the importance of the nonlocal part of h SE , we present also the local v|V SE loc |v contribution. As one can see from the table, for the s states the difference between the exact and model SE operator results does not exceed 1%. As to the p and d states, despite the relative value of the difference is significantly bigger than for the s states, its absolute value, expressed in terms of the functions F (αZ), does not exceed 0.01. We stress also the importance of the nonlocal part of the model SE operator: for the s states the difference between the local part and the total result can amount to about 30%.
To demonstrate the efficiency of the method, we also applied it to calculations of the Lamb shifts in neutral alkali metals, Cu-like ions, superheavy atoms, and Li-like ions.
Calculations of the Lamb shift in alkali metals were considered in Refs. [20, 54] . In Ref. [20] , it was calculated in the potential V eff (r), which is defined in terms of an effective charge Z eff (r) through
where (28) and ρ t = ρ v + ρ c is total (valence plus core) electron charge density, which is determined self-consistently solving the Dirac equation with the potential V eff (r) (see Ref. [20] for details). The choice x α = 0 corresponds to the DiracHartree potential, x α = 2/3 gives the Kohn-Sham potential, and x α = 1 is the Dirac-Slater potential. In Table VII , we present the results of our calculations of the SE contribution to the Lamb shift performed for x α = 0, 1/3, 2/3, 1, and related exact data by Sapirstein and Cheng [20] . Experiments with superheavy elements have triggered a great interest to calculations of the QED effects in superheavy atoms [31, 32, [54] [55] [56] . In Ref. [56] , the QED contributions to the binding energy of the valence 7s electrons in Rg (Z = 111) and Cn (Z = 112) have been evaluated in a local Dirac-Fock potential. In Table IX , we compare the related SE contributions obtained using the model SE operator in the Dirac-Fock method with those by Goidenko [56] . Despite the calculations in the local DF potential are not fully equivalent to the calculations based on the DF equations, the SE contributions to the one-electron binding energies obtained by averaging the model SE operator with the DF wave function of the valence electron as well as by including this operator into the DF equations are in a good agreement with the corresponding Goidenko's results. For comparison, we present also the total DF values which are obtained as the difference between the SE contributions to the total DF energies of the atom and the ion. It is known [57, 58] that for Rg and Cn the ionization occurs out of the 6d 5/2 shell instead of the 7s shell. However, for comparison purposes, here we consider the 2 S 1/2 → 1 S 0 transition for Rg and the 1 S 0 → 2 S 1/2 transition for Cn. The presented results are also in a reasonable agreement with those based on the Welton method [55] and with the results obtained using a local SE potential [31] . In Table IX , we give also the results of our calculations of the SE corrections to the binding energy of the valence 8s electrons in E119 and E120 and compare them with the values obtained in Ref. [31] .
Finally, we applied our model approach to the Li-like ions, for which rigorous QED calculations have been performed. The self-energy screening diagrams for Li-like ions to first order in 1/Z were first evaluated in Ref. [15] . In that paper, the calculations were performed in the Coulomb potential. Later, the same diagrams have been calculated in the Kohn-Sham and core-Hartree potentials [26, 27] . In Table X , we present the results of our calculations of the screened SE corrections in Li-like ions, based on the model SE operator approach, and compare them with the related results from Refs. [26, 27] . In our approach, the screened SE corrections were obtained by calculating the total ion energy with the model SE operator included into the Dirac-Fock (DF) or the Kohn-Sham (KS) equation and subtracting both the related energy evaluated without the model SE operator and the SE contribution evaluated with the H-like wave functions. In case of the KS method, the KS potential was constructed self-consistently with the valence state under consideration. As one can see from the table, the model SE operator results obtained employing the KS and DF equations are in a fair agreement with the results obtained by the perturbation theory [26, 27] . Therefore, to a good accuracy, the total SE corrections can be obtained by summing the H-like SE contributions and the screened SE corrections evaluated by solving either DF or KS equations with the model SE operator included, as described above.
CONCLUSION
In this paper we have developed the model QED operator approach to calculations of the Lamb shifts in relativistic atomic systems. With this method, we proposed the model self-energy operator which is given by Eq. (22) . This operator can be easily incorporated into any calculations employing the Dirac-Coulomb-Breit Hamiltonian. This was demonstrated by calculating the Lamb shifts in atoms and ions with the use of the model SE operator and comparing the obtained results with corresponding exact QED calculations.
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